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TheQQ¯ semirelativistic interaction in QCD can be expressed in terms of the Wilson
loop and its functional derivatives. In this framework we discuss the complete
(velocity and spin dependent) 1/m2 potential in the stochastic vacuum model and
in the dual theory.
1 The Quark-Antiquark Potential
Up to order 1/m2 the quark-antiquark potential can be written as 1:
∫ tf
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mj
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)
,(1)
whereW (Γ) is the Wilson loop over the closed path Γ including the quark and
antiquark trajectories Γ1 and Γ2. The double bracket means the average on
the gauge fields in presence of the Wilson loop. A path ordering is understood
where ambiguities in the ordering of the colour matrices can arise.
The 1/m2 order terms in 1 are of two types, velocity dependent VVD and
spin dependent VSD. Therefore we can identify in the full potential three types
of contributions:
VQQ¯ = V0 + VVD + VSD , (2)
where V0 is the static potential. The spin independent part of the potential,
V0 + VVD, is obtained in 1 from the zero order and the quadratic terms in
1
the expansion of log〈W (Γ)〉 for small velocities. The terms of VVD can be
rearranged as 1:
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1
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. (3)
While the spin dependent potential VSD can be rearranged as
VSD =
1
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V2(r)
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1
3m1m2
S1 · S2 V4(r) , (4)
with Lj = r × pj . All these potentials satisfy some identities following from
the Lorentz invariance properties of the Wilson loop 2:
d
dr
[V0(r) + V1(r) − V2(r)] = 0 , (5)
Vd(r) +
1
2
Vb(r) +
1
4
V0(r) − r
12
dV0(r)
dr
= 0 , (6)
Ve(r) +
1
2
Vc(r) +
r
4
dV0(r)
dr
= 0 . (7)
The expectation values in 1 can be expressed as functional derivatives of
log〈W (Γ)〉 with respect to the quark trajectories z1(t) or z2(t). In particular
〈〈Fµν(zj)〉〉 = (−1)j+1 δi log〈W (Γ)〉
g δSµν(zj)
, (8)
〈〈Fµν(z1)Fλρ(z2)〉〉 − 〈〈Fµν (z1)〉〉〈〈Fλρ(z2)〉〉 = −i δ
g δSλρ(z2)
〈〈Fµν (z1)〉〉 , (9)
with δSµν(zj) ≡ (dzµj δzνj − dzνj δzµj ). Therefore, to obtain the whole quark-
antiquark potential no other assumptions are needed than the behaviour of
〈W (Γ)〉.
2
2 Stochastic Vacuum Model
Assuming the stochastic vacuum model behaviour of the Wilson loop 3 from 1,
8, 9 we obtain in the long-range limit 4,5:
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1
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(1)
2 − C2 , (10)
Vb(r) = −1
9
σ2r − 2
3
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2
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9
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4
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9
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, (13)
Ve(r) = −1
6
σ2r +
1
2
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r
− 1
3
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, (14)
∆Va(r) = self-energy terms , (15)
d
dr
V1(r) = −σ2 + C2
r
, (16)
d
dr
V2(r) =
C2
r
, (17)
V3(r) = falls off exponentially in r , (18)
V4(r) = falls off exponentially in r , (19)
where σ2 is the string tension in the bilocal approximation, and C2, C
(1)
2 ,
D2, E2 are some constants, which can be fixed from the lattice data. At the
leading order in the long-range limit, neglecting exponentially falling off terms,
these results coincide with those obtained in the so-called minimal area law
model1 and reproduce the Buchmu¨ller flux tube picture of the quark-antiquark
interaction.
3 Dual Theory
Assuming duality, the behaviour of the Wilson loop follows from the classical
configuration of dual potentials and monopoles in the dual theory 6. Substi-
tuting in 1 we obtain in the long-range behaviour 4,5:
V0(r) = σr − 0.646√σαs , (20)
d
dr
V1(r) = −σ + 0.681
r
√
σαs , (21)
d
dr
V2(r) =
0.681
r
√
σαs , (22)
3
V3(r) =
4
3
αs
(
M2 +
3
r
M +
3
r2
)
e−Mr
r
, (23)
V4(r) =
4
3
αs M
2 e
−Mr
r
, (24)
Vb(r) = −0.097 σr − 0.226√σαs , (25)
Vc(r) = −0.146 σr − 0.516√σαs , (26)
Vd(r) = −0.118 σr + 0.275√σαs , (27)
Ve(r) = −0.177 σr + 0.258√σαs , (28)
where M ≈ 600MeV is the dual gluon mass, σ ≈ 0.18 GeV2 is the string
tension and αs ≈ 0.39. For an evaluation of ∆Va we refer the reader to 5. The
agreement between the results in the stochastic vacuum model and in the dual
theory is good. In particular, we notice that both models reproduce the flux
tube picture, show up the same 1/r correction to the dV1/dr potential and
non vanishing spin-spin potentials. For a more detailed discussion we refer the
reader to 4,5. All these potentials have been recently evaluated on the lattice 7,
confirming, up to now, the theoretical predictions.
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